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Fractional Quantum Hall States in Fast Rotating Bose Gases
A. Lakhoua, T. Masson, J.C. Wallet
Laboratoire de Physique The´orique, Baˆtiment 210, F-91405 Orsay CEDEX, France
We use a Chern Simons Landau-Ginzburg (CSLG) framework related to hierarchies of composite
bosons to describe 2D harmonically trapped fast rotating Bose gases in Fractional Quantum Hall
Effect (FQHE) states. The predicted values for ν (ratio of particle to vortex numbers) are ν= p
q
(p, q are any integers) with even product pq, including numerically favored values previously found
and predicting a richer set of values. We show that those values can be understood from a bosonic
analog of the law of the corresponding states relevant to the electronic FQHE. A tentative global
phase diagram for the bosonic system for ν<1 is also proposed.
PACS numbers: 03.75.Kk, 73.43.-f
Since the experimental realization of Bose-Einstein
condensation (BEC) of atomic gases [1], an intense activ-
ity has been focused on ultracold atomic Bose gases in ro-
tating harmonic traps. BEC confined in two dimensions
have been created [2]. The rotation of a BEC produces
vortices [3]. When the rotation frequency ( Ω2pi ) increases,
the BEC is destroyed and for Ω2pi high enough a Fractional
FQHE [4] state is expected to occur. In particular, when
Ω
2pi is tuned to the frequency of the harmonic confining
potential in the radial plane (ΩT2pi ), FQHE states have
been predicted to become possible ground states for the
system [5], triggering studies on FQHE for bosons [6]-
[10]. Indeed, the Hamiltonian in the rotating frame [11]
is [12] H=
∑N
A=1
1
2m [pA−A(xA)]2+m2 (Ω2T−Ω2)|xA|2+V
(xA≡xA(t)); Ai(xA)=mΩǫijxjA yields the Coriolis force,
V≃g2
∑
A<B δ(xA−xB) is the potential felt by the
bosons in the plane [14]. We take g2>0 (repulsive case
[13]), g2≃γl2 [14] with γ=
√
32πΩ(aslz ), l
2= 12mΩ , l
2
z=
1
mΩz
(as, l, (resp.lz) are the 3D s-wave scattering length and
the localization length in the plan (resp. for axial confine-
ment with trapping frequency Ωz)). We assume Ω=ΩT
so that the system is equivalent to that of 2D (bosonic)
particles in a magnetic field with cyclotron frequency
Ωc=2Ω, filling factor ν=
N
NV
, 2πNV=2mΩA [15] (A is
the total area of the system) and is expected to be in
FQHE states at specific values for ν [5]-[10].
The low energy behavior of the Quantum Hall Fluid
(QHF) states can be described by a CSLG theory [16]
where the statistics of the quasiparticles is controlled by
the coupling of a statistical CS gauge potential (hereafter
called aµ) to matter [16], [17]. Two equivalent CSLG
descriptions of the electronic FQHE appeared, depend-
ing whether the initial Fermi statistics of the system is
turned into a Bose one through statistical transmutation
[17] as in [18] or instead kept unchanged [19]. In this
note, we describe 2D harmonically trapped fast rotating
Bose gases in FQHE states by a CSLG theory related
to hierarchies of composite bosons. We find that FQHE
states should occur at ν= pq for any integers p, q with even
product pq, including the numerically favored values pre-
sented in [9], [8],[10] and predicting a richer set of values.
We show that those values can be understood from a
bosonic analog of the discrete symmetry transformations
underlying the law of the corresponding states [18] rel-
evant to the electronic FQHE. A tentative global phase
diagram for the bosonic system together with selection
rules for the expected transitions are also proposed.
The relevant CSLG action obtained by adapting [16],
[18] to H given above is
S = SCS(a; η) +
∫
x
iφ†D0φ− 1
2m∗
|Diφ|2 − U(φ) (1),
SCS(a; η) =
∫
x
η
4
ǫµνρa
νfνρ; Dµ = ∂µ − iA˜µ (2a, b).
S≡SCS(a; η)+Sφ(φ; A˜), A˜µ=aµ+Aµ. φ=√ρeiλ(x)eiχ(x)
is the composite boson field with (effective) mass m∗
(λ(x) is single valued, χ(x)=
∑
V wV arctan(
x2−XV 2
x1−XV 1
)
is the possible vortex contribution [20]; wV is the
winding number of the vortex V with center coordi-
nates XV i(t)), η is the CS parameter, fµ≡ 12ǫµνρfνρ,
fµν=∂µaν−∂νaµ, f0 (fi) is the statistical magnetic (elec-
tric) field. U(φ) should be U(φ)=g2(φ
†φ)2−µ|φ|2+...(µ
is a chemical potential, the ellipses denote possible
higher order terms). The equations of motion for aµ,
fµ=−(1/η)Jµ (J0=ρ, Ji= i2m (φ†Diφ−(Diφ)†φ)) ensure
the formation of particle-statistical magnetic flux com-
posite particles. This reflects the flux attachment mecha-
nism triggered by the CS statistical interaction [17]. The
statistics of the quasiparticles wave function is altered
by the Aharonov-Bohm phase exp(i
∫
C
a.dx)=exp(i/η)
(C is some closed curve) induced when one quasiparti-
cle moves around another one [17]. The flux attachment
leaves the statistics unchanged (e.g bosons are turned
into bosons) when η= 12pi2k , k∈Z, k>0, that we assume
from now on [21] while (1) corresponds to QHF with fill-
ing factor ν=2πη (see [22] and [23]).
The low energy behavior for the system in a FQHE
state is encoded into the response functions (we consider
the linear response) for the corresponding QHF, obtained
from the effective action [16], [20] Γη(A)≡−i lnZη(A)
2where
Zη(A) =
∫
[Da][Dφ][Dφ†]eiSCS(a;η)eiSφ(φ;A˜) (3).
In (3), we set Z(A˜)≡exp(iΓ(A˜))=∫ [Dφ][Dφ†]eiSφ(φ;A˜)
where Γ(A˜) is the effective action for the composite
bosons φ feeling an external field A˜µ. Hierarchies of ob-
servable values for ν can be obtained from (1)-(3) in a way
similar to the one followed for the electronic QHE [16],
[18], i.e from duality transformations relating QHF’s with
different filling factors. These transformations express
the fact that the attachment of an even number of statis-
tical flux quanta (η= 12pi2k ) turns one QHF onto another
one having similar physics (the flux attachment trans-
formation) or stem from the duality transformation [26]
leading to a description of the system based on vortices
(the (quasi)particle-vortex duality)[16]. We now present
a compact derivation inspirated from [18] of the trans-
formations relevant to the present bosonic system.
Integrating over φ, φ† in exp(iΓ(A˜)), one infers that
for any external A˜µ the most general low energy form
for Γ(A˜) consistent with gauge and Galilean invariance
and involving the most relevant (lowest dimensional)
terms must be Γ(A˜)=
∫
x,y
1
2 F˜
x
0iQ
x,y
1 F˜
y
0i− 12 F˜ x12Qx,y2 F˜ y12
− 12ǫµνρA˜xµQx,y3 ∂νA˜yρ. The QI ’s (Qx,yI =QI(x−y),
I=1, 2, 3) are the response functions for the composite
boson fluid feeling an external A˜µ and F˜µν=∂µA˜ν−∂νA˜µ.
This gives in momentum space
Γ(A˜) =
1
2
∫
dpA˜µ(−p)χµν(p)A˜ν(p) (4a),
χ00 = p
2Q1(p);χ 0i
(i0)
= ωpiQ1(p)
+
(−)iǫijp
jQ3(p) (4b; c),
χij = Q1(p)ω
2δij−(δijp2−pipj)Q2(p)+iǫijωQ3(p) (4d)
where p=(ω,p=(p1, p2)). Plugging (4) into (3), fixing the
gauge freedom [25], the integration over aµ realizes the
attachment of an even number of flux quanta to the initial
composite bosons, turning the corresponding parent fluid
described by the QI ’s into a descendant fluid. This gives
Γη(A)=
1
2
∫
dpAµ(−p)Kµν(p)Aν(p) where Kµν is deduced
from (4) by replacing the QI ’s by
ΠI = η
2 Qi
Q1Q2p2 −Q21ω2 + (Q3 + η)2
, I = 1, 2 (5a),
Π3 = η − η2 Q3 + η
Q1Q2p2 −Q21ω2 + (Q3 + η)2
(5b).
The dual description of the system makes use of the
vortices [26]. One applies a Hubbard-Stratonovitch
(HS) transformation on the kinetic term in (1)
(set φ=
√
ρeiλv, v=eiχ). The action becomes
SH=SCS(a; η)+
∫
x iρv
∗∂0v−ρ(∂0λ−a0)− 12m (∂i
√
ρ)2−
m
2ρH
2
i +Hi(∂iλ−A˜i−iv∗∂iv) (Hi are the HS fields).
Set ρ≡H0. The integration over λ [26] yields the
constraint ∂µH
µ=0 in the partition function. It is
solved by introducing a new gauge potential bµ such
that Hµ=ǫµνρ∂
νbρ≡Hµ(b). This yields
S′H = SCS(a; η) +
∫
x
bµJ µ + aµHµ(b) +AiHi(b)
− m
2H0(b)
H2i (b)−
1
2m
(∂i
√
H0(b))
2 − U(H0(b)) (6).
Jµ=iǫµνρ∂νv∗∂ρv is the vortex current. The integration
over aµ leads to (b˜µ=bµ−ηAµ, H˜µ=ǫµνρ∂ν b˜ρ=Hµ(b˜))
SD =
∫
x
1
2η
ǫµνρb
µ∂νbρ− η
2
ǫµνρA
µ∂νAρ+ b˜µJ µ− m
2H˜0
H˜2i
− 1
8mH˜0
(∂iH˜0)
2 − U(H˜0) ≡ SCS(b; 1
η
) + S′D (7),
where bµ plays the role of the new statistical field while
the flux attachment to the vortices is achieved thanks to
the occurrence of the minimal coupling of bµ to Jµ (see
3rd term in (7)). The partition function now reads
Zη(A) =
∫
[Db]eiSCS(b; 1η ))e−iSCS(A;η)eiΓ(b˜) (8),
with exp(iΓ(b˜))=
∫
[Dv][Dv∗] exp(S′D|η=0). By in-
tegrating over the vortex part v, v∗, gauge in-
variance and Galilean invariance dictate the
most general low energy expression for Γ(b˜):
Γ(b˜)=
∫
x,y
(
1
2 B˜0i(x)V
x,y
1 B˜0i(y)− 12 B˜12(x)V x,y2 B˜12(y)
− 12ǫµνρb˜µ(x)V x,y3 ∂ν b˜ρ(y)
)
(V x,yI =VI(x−y), I=1, 2, 3,
B˜µν=∂µb˜ν−∂ν b˜µ). The VI ’s are the response functions
for the vortices feeling an effective external field b˜; V3
is related to the effective filling factor for the vortices
νV via limω→0;p→0(
V3
2pi )=νV . In momentum space,
Γ(b˜)= 12
∫
dpb˜µ(−p)χVµν(p)b˜ν(p), with χVµν(p) deduced
from (4) through QI→VI . Combining Γ(b˜) with (8),
integrating over bµ [25], one obtains the effective action
Γη(A)=
1
2
∫
dpAµ(−p)Kµν(p)Aν(p) in terms of the VI ’s
ΠI =
VI
V1V2p2 − V 21 ω2 + (V3 − 1η )2
, I = 1, 2 (9a),
Π3 =
1
η − V3
V1V2p2 − V 21 ω2 + (V3 − 1η )2
(9b).
In the low energy limit, (5b) and (9b) give rise to
the flux attachment and particle-vortex duality trans-
formations leading to hierarchies of observable values
3for ν. These transformations generate a discrete sym-
metry group. It can be viewed as the bosonic ana-
log of the discrete symmetry group related to the ”law
of the corresponding states” (see 2nd of [18]) occur-
ring in the CSLG description of the electronic QHE
[16]. Both discrete groups are conjugate to each other.
We set limω→0;p→0X(ω,p)≡X02pi , for X=Π3, Q3. Re-
call that if the ΠI ’s (resp. QI ’s) describe a de-
scendant (resp. parent) QHF with filling factor νf
(resp. ν), one has limω→0;p→0Π3(ω,p)=
νf
2pi , (resp.
limω→0;p→0Q3(ω,p)=
ν
2pi ) [27]. The X
0’s will be identi-
fied in a while with the corresponding filling factors but
are kept unrestricted to positive values for the moment.
Now, if the QI ’s and VI ’s correspond to QHE states for
the system (incompressible QHF), (5) and (9) reduce in
the low energy limit respectively to Π03=
Q0
3
2kQ0
3
+1
(i) and
Π03=(2k− 12pi limω→0;p→0 V3)−1 (ii) (using η= 12pi2k ). This
requires limω→0;p→0(
V3
2pi )=− 1Q0
3
(iii) so that {(i), (ii)} are
equivalent to {(i), (iii)}. Furthermore, (i) is obtained by
iterating k time the transformation Q03→ Q
0
3
2Q0
3
+1
so that
the whole set of transformations giving the hierarchies
of possible values for Q03 are obtained by forming all the
products of powers of the two independent generators Σ
and S defined by
Σ(Q03) =
Q03
2Q03 + 1
; S(Q03) = −
1
Q03
(10a; b).
(10a) represents the flux attachment transformation
when Q03 is identified with ν[16], [18]. (10b) is related to
the (quasi)particle-vortex duality transformation. When
acting on the complex plane, Σ and S generate an infi-
nite discrete group, a subgroup of the full modular group
PSL(2,Z) [28], known in mathematics as Γθ(2) (see [28]).
Any transformation G∈Γθ(2) can be written as
G(z) =
az + b
cz + d
, ad− bc = 1, (a, b, c, d) ∈ Z (11),
with (a, d) odd (resp. even) and (b, c) even (resp. odd),
for any z∈C. Γθ(2) can be viewed as the bosonic ana-
log of the discrete symmetry group underlying the ”law
of the corresponding states” [18] of the electronic QHE
[16]. This latter is another subgroup of PSL(2,Z), known
as Γ0(2) [28], generated by Σ (10a) and the Landau
level shift operator T (z)=z+1 (see [18], [16]). Note that
for any τ∈Γθ(2), one can find some σ∈Γ0(2) such that
τ=ΛσΛ−1 (iv) with Λ=ST S [28]: Γθ(2), relevant for
fast rotating harmonically trapped Bose gases in FQHE
regime, is conjugate of the discrete group underlying the
law of the corresponding states [18] of the electronic
QHE, suggesting that properties of the bosonic system
could be simply deduced from their electronic QHE coun-
terparts by conjugation (iv), as discussed in a while.
Now, given a QHF of reference with filling factor ν0,
values for the filling factors of descendant QHF are ob-
tained by applying on ν0 successive transformations of
Γθ(2) (with action restricted to the real axis), keeping in
mind that only positive (or zero) values for these filling
factors are physically allowed. Using (11), the hierarchies
of values can be generically parametrized as
{ν} even
odd
=
2αν0 + 2β + ν0
2γν0 + 2δ + 1
, 2(βγ − αδ) = α+ δ (12a),
{ν} odd
even
=
2αν0 + 2β + 1
2γν0 + 2δ − ν0 , 2(αδ − βγ) = β + γ (12b),
(α, β, γ, δ)∈Z, (12a) (resp. (12b)) corresponds in (11) to
(b, c) even, (a, d) odd (resp. (b, c) odd, (a, d) even) and
the physically allowed values must be positive or zero.
Let us discuss the physical implications of our analy-
sis. For small ν, says ν.1, FQHE states are expected to
occur in the system [29], as supported by [9], [10], [8] (in
particular by numerical works based on exact diagonal-
ization). These later provide convincing numerical indi-
cations that (gapped) incompressible states with ν= 1m ,
m even integer, should be visible in experiments together
with (gapped) incompressible states with ν= pp+1 , for p
integer (with ν= 12 exactly realized for hard core bosons).
For 1.ν.6, gapped states with ν= 32 ,
5
2 ,
7
2 ,
9
2 ,
4
3 ,
5
4 are also
numerically observed. It appears that these numerically
favored values can be all reproduced within the present
CSLG description. Namely, assuming ν0=
1
2 (see [30]),
these are recovered from (12a,b) or equivalently from suc-
cessive Γθ(2) transformations acting on ν0=
1
2 . Indeed,
Σk(ν0)=
ν0
2kν0+1
so that Σk(12 )=
1
2(k+1)=
1
m , m even (k≥0)
while values such as ν= pp+1 , p integer, are recovered from
(ΣS)p(ν0) (Σ and S defined in (10)). Similarly, the Γθ(2)
transformations leading to ν= 32 ,
5
2 ,
7
2 ,
9
2 are respectively
G3/2(ν0)=
5ν0−4
4ν0−3
, G5/2(ν0)=ν0 + 2, G
7/2(ν0)=
13ν0−10
4ν0−3
,
G9/2(ν0)=ν0 + 4.
The above observed agreement suggests that the trans-
formations encoded in Γθ(2) may have captured global
properties of the bosonic system in a way similar to what
happens within electronic QHE whose properties con-
nected in particular with the global phase diagram seem
to be well encoded in the fermionic counterpart of Γθ(2)
[18], [16]. Assuming that this picture is correct, then
properties of the fast rotating harmonically trapped Bose
gases in FQHE regime can be simply deduced from their
electronic QHE counterpart by applying the conjugation
(iv). This however should be presumably valid at least
sufficiently far away from the region where the vortex lat-
tice has just melted so that we further assume ν<1. In
this way, we find, using (11), (12), (iv) that QHF states
should be observed in fast rotating trapped Bose gases at
filling factor ν= pq , where p, q are any integers with even
product pq (the conjugate values of the observed odd
denominator filling factors in electronic QHE). Further-
more, applying the conjugation (iv) to the global phase
diagram of [18] and to the corresponding selection rules
41
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FIG. 1: Topology of the global phase diagram for harmoni-
cally trapped Bose gases in FQHE regime obtained from the
bosonic analog of the law of the corresponding states. The
vertical (resp. horizontal) axis is related to dissipation (resp.
filling factor restricted here to be ν<1 ).
derived from the the fermionic counterpart of Γθ(2) yields
respectively the tentative phase diagram depicted on the
figure 1 and the associated selection rules. Note that the
state ν= 12 of the electronic QHE corresponds to the state
ν=1 in the bosonic system. We also find that transitions
relating two QHF states indexed by ν1=
p1
q1
and ν2=
p2
q2
are allowed provided |p1q2−p2q1|=1 with (p1q1 ,
p2
q2
) of the
form ( evenodd ,
odd
even ) or (
odd
even ,
even
odd ).
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